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Proof. O is open ! F = O
{
is closed.

F = O
{
is closed iff it contains all its limit points.

Take x = limit point of O
{
Goal: show that x 2 O

{

8✏ > 0 V✏(x) \O
{
contains at least a point in y in O

{
other than x.

Assume that x 2 O 9Vy(x) ✓ O

Vy(x) \O
{
= ;

In particular for ✏ = y

We should have

Vy(x) \O
{
contains at least a point y in O

{
i.e. Vy(x) \O

{ 6= ;

Conclusion: x /2 O � x 2 O
{ ! O

{
contains all its limit points !O

{
is

closed.

Reverse Implication:

We assume that O
{
is closed. We want to show that O is open.

Take x 2 O

x is not a limit point of O
{

9V✏(x)|V✏(x) \O
{
= {; or{x}}

V✏(x) \O
{
can not be equal to x because x 2 O

So V✏(x) \O
{
= ; ! V✏(x) ⇢! O open.
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Compact Sets

Definition K 6= ; K ⇢ R
K is compact if every sequence (xn) 2 K has a convergence subsequence 2 K.

K ⇢ R i.e. 8(xn) 2 K 9x̄ and 9(xnk)| lim(xnk) = x̄

x̄ 2 K

Theorem (HB - HEINE-BOREL)

K is compact iff K is closed and bounded.

Proof. K compact =) K closed and bounded

1) K bounded 9M > 08x 2 K | |x|  M

Assume this is not true =) 8M > 0 9x 2 K| |x| > M

M = 1 =) 9x1 2 K | |x1| > 1

Missing part.

xn is not bounded.

But xn 2 K and K compact. =) 9x̄ 2 K and (xnk subsequence of

(xn) |(xnk ! x̄ =) |(xnk | ! |x̄|

|(xnk | > nk

nk = m |xm| > m

(R Triangle Inequality) =) (|(xnk |) being convergent is bounded contra-

diction with |(xnk | > nk which implies lim|(xnk | = 1

Conclusion

K compact =) K bounded.

K compact =) K closed?

Take x = limit point of K

K compact =) 9x̄ 2 K, 9(xnk)|(xnk)(xnk ! x)

because xn ! x
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(xnk subsequence =) (xnk ! x

9(xn) xn 2 K : lim(n ! 1)ofxn = x

xn 6= x 8n

Take (xn) 2 K =) xn is bounded because K is bounded

xn bounded =) xn has a convergent subsequence (xnk)

i.e. 9x̄ : lim(k)xnk = x̄ x̄ 6= xnk

It remains to show that x̄ 2 K

2 cases
1) x̄ = limit point of K.

i.e. xnk 6= x̄8k
then x̄ 2 K because K closed.

(it contains all its limit points)

2) 9k0 |xnk0
= x̄ then x̄ 2 K

Open Cover

Definition: An open cover of A

Oi open sets i 2 I

A ⇢ [i2I Oip
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